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Abstract: Soliton molecules in mode-locked lasers are expected to be ideal self-organization
patterns, which warrant stability and robustness against perturbations. However, recent ultra-high
resolution optical cross-correlation measurements uncover an intra-molecular timing jitter, even
in stationary soliton molecules. In this work, we found that the intra-molecular timing jitter has
a quantum origin. Numerical simulation indicates that amplified spontaneous emission (ASE)
noise induces a random quantum diffusion for soliton pulse timing, which cannot be compensated
by soliton binding mechanism. By suppressing indirectly coupled timing jitter at close-to-zero
cavity dispersion, a record-low 350 as rms intra-soliton-molecular jittering is obtained from
an Er-fiber laser in experiment. This work provides insight into the fundamental limits for the
instability of multi-soliton patterns.

© 2021 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Passively mode-locked lasers, known as complex nonlinear systems, have substantial intracavity
pulse dynamics. The balance among nonlinearity, dispersion as well as dissipation regularly allows
dissipative soliton formation. In particular, soliton interactions produce various bound states,
which are often known as soliton molecules in analogy with matter molecules formed by chemical
bonds. Recently, soliton molecules have attracted extensive attention due to their fundamental
significance on the study of attractive and repulsive behaviors of solitons in nonlinear dissipative
systems [1]. Moreover, soliton molecules hold potential to provide a multilevel encoding pattern
in optical telecommunication systems [2]. The first theoretical prediction of soliton molecules
was provided by Malomed [3]. Subsequently, a great variety of investigations have revealed
profound soliton-molecular dynamics, basically, relying on averaging measurement conducted by
optical spectrum analyzers and auto-correlators [4–7]. Further in-depth investigations require
advanced probing methods. Time-stretched dispersive Fourier-transform (TS-DFT) technique
[8], which is capable of mapping real time optical spectrum into time-stretched waveform by
a segment of large dispersive material, provides an ideal tool to the study of transient optical
phenomena [9–13]. TS-DFT technique has been successfully applied to resolve soliton molecular
dynamics, in terms of real-time evolution of the pulse separation ρ and phase difference φ
between the pulses [14–23]. However, the temporal resolution for resolving the evolution of
binding separation is limited to picoseconds. Recently, we showed that optical cross-correlation
(OC) technique can significantly improve the temporal resolution to sub-femtosecond level in
fiber lasers and attoseconds level in a Kerr-lens mode-locked Ti: sapphire laser. Power spectral
analysis of the intriguing soliton molecular dynamics is also allowed [24,25].
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The random walk of optical solitons originated from the ASE noise and thus quantum-
limited timing jitter determines its fundamental limits in applications of time-of-flight distance
measurements, optical communication systems, optical frequency comb, to name only a few
[26]. From the theoretical perspective, the study of quantum-limited fluctuations between optical
solitons is essential to uncover intrinsic soliton interaction mechanisms. For this purpose, a few
groups have investigated the relative timing jitter between optical solitons circulating in one
optical cavity, where the technical noises are common-mode noises and are cancelled out by
sharing the cavity. Our group firstly revealed the quantum-limited relative timing jitter between
optical solitons in a dual-wavelength mode-locked Er-fiber laser, which simultaneously generates
a pair of solitons with an offset repetition rate in a shared cavity [27]. Recent experiments
also verified a quantum diffusion between two Kerr-solitons from a bidirectional silica wedge
micro-resonator [28]. Even though random fluctuations within robust soliton patterns have also
been characterized recently [24,25,29], the physical origin has not been well interpreted.

In this paper, we investigate the relative timing jitter of intra-soliton-molecular pulses separation
within soliton molecules in a fiber laser. Numerical simulation suggests that the solitons are
bounded with a limited bandwidth in the presence of ASE noise. The cutoff frequency is related
closely to the binding strength and ASE noise. The quantum limited timing jitter increase with
soliton separation. We further experimentally characterize the intra-molecular timing jitter by
optical cross-correlation (OC) method. By optimizing the net cavity dispersion (NCD) which
significantly reduces Gordon-Haus jitter [30], overall timing jitter as low as 350 as is achieved
for 0.49 ps soliton separation. By excluding the noise contributions of the technical noise, the
intra-molecular quantum limited timing jitter is well below 300 as. These results shed light on
further understanding of close-range soliton interaction dynamics and pave the way for future
applications in complex nonlinear systems.

2. Numerical simulation and results

In the aspect of numerical simulation, nonlinear Schrödinger equation (NLSE) holds the ability
to reproduce stable mode-locked state and complex sequential instabilities in fiber lasers [31].
Internal motion dynamics of soliton molecules, such as oscillating phase, diverging sliding phase
as well as variable intra-soliton-molecular separation have been investigated [32]. However,
numerical results refer to quantum limited timing jitter of soliton molecular binding separation
have not been reported yet.

We consider a dispersion-managed mode-locked Er-doped fiber laser, as shown in Fig. 1(a).
The pulse dynamics is reconstructed by the well-established split-step Fourier transform method.
The simulated model contains a segment of Er-doped fiber (EDF), two segments of single mode
fiber (SMF1 and SMF2), an output coupler (OC) and a saturable absorber (SA). The pulse
propagation in optical fiber is modeled by the modified NLSE [33]:
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where A=A (z, τ) is the field envelope with z the propagation coordinate and τ the time-delay
parameter. β2, β3 and γ are the second order dispersion, third order dispersion and nonlinear
coefficients, respectively. g= g0/(1+

∫
|A|2dτ/Esat+(ω-ω0)/∆ω2) is the EDF gain, where g0 is

the small-signal gain, Esat is the saturation energy, ω is the optical angular frequency, ω0 is the
central angular frequency, ∆ω is gain bandwidth. Spert is the ASE noise source term added as
white noise across the optical spectrum. According to the semi-classical noise theory, amplitude
of the ASE accumulated within a unit bandwidth after a propagation step h inside the gaining
fiber is ∆AASE= θ�(exp(gh)-1 [34]. By taking into account the parabolic gaining spectrum, the
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spectral characteristics of the Fourier transform of Spert is given by [35,36]:⟨︁
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where S(z,ω) is the Fourier transform of S(z,τ) and Angle brackets represents the correlation
function. δ represents Dirac’s delta functions and here simply indicates that components at
different frequencies are uncorrelated. � is the Planck constant, and h is the gain fiber length.
θ = 10 is the enhanced spontaneous emission factor due to incomplete inversion of the gain
medium [37]. We use the Eq. (2) for frequency domain integration, and the obtained integral
value is used as amplitude of Gaussian white noise generated by computer. The SA is modeled
by a power dependent transmittance function:

T(τ) = 1 − αns − q0(1 + P/Psat)
−1 (3)

where q0 is modulation depth, αns is the non-saturable loss, P= |A |2 is instantaneous power, Psat
is saturation power. Parameters of the simulation are as follows: Length of the gain fiber is 0.9
m. The gain bandwidth of the EDF is set as 50 nm and centered at 1550 nm. The small-signal
gaining coefficient is 1.38/m and the output coupling rate is 20%. The SA is modeled with
8% non-saturable loss, 30% modulation depth and 50 W saturation power. The group velocity
dispersion (GVD) of EDF and SMF are 0.03277 ps2/m and -0.022 ps2/m, respectively. Length of
SMF 1 is 1 m, while that of SMF 2 is adjusted from 1 m to 0.4 m. The optimized NCD used for
the soliton molecules with narrowest pulses separation is -0.002 ps2.

Fig. 1. (a) Step 1: illustration of the fiber laser cavity elements used for the simulations and
soliton molecules generation. EDF: Er-doped fiber; SMF: single-mode fiber; SA: saturable
absorber, OC: output coupler. (b) Illustration of quantum diffusion of intra-soliton-molecular
pulses in the simulation. Step 2: soliton molecules without ASE. Step 3: soliton molecules
with ASE. ρ represents the intra-molecular temporal separation and the angle φ corresponds
to the relative phase in Step 4.

In order to obtain the intra-molecular quantum limited timing jitter of pulse separation
introduced by ASE, two independent cavity models are conducted after converged states have
been obtained, as shown in Fig. 1(b). In the simulation, the converged states are assumed to be
the case that the relative change of soliton-molecular energy is lower than 10−8 between two
consecutive round trips. Once the intra-cavity soliton molecules are converged, they are used
as incident pulses for both models. Firstly, a sequence of temporal pulse separations of the
soliton molecule in the absence of ASE noise are calculated, serving as the reference ρ1. Then,
we repeat the same operation with ASE noise added into the EDF during every roundtrip. A



Research Article Vol. 29, No. 21 / 11 Oct 2021 / Optics Express 34593

sequence of temporal pulse separations ρ2 are used as targets. The timing jitter PSD spectra is
Fourier-transformed from the temporal deviation ∆ρ between ρ2 and ρ1. By integrating PSD,
the rms quantum limited timing jitter of pulse separations can be obtained [35,36].

Stable mode-locked state can be built up from noise after several dozens of roundtrips. As
shown in Fig. 2(a), two intra-molecular pulses evolve from the noise background directly and
stabilize gradually. The single pulse width is 260 fs. Figure 2(b) plots the corresponding spectral
evolution. The high contrast spectral interference fringes and high stability of optical spectrum
are typical characteristics of stationary soliton molecules. Then, the stable soliton molecule is
used as the incident pulse to propagate in the cavity without ASE noise. As shown in Fig. 2(c),
the intra-molecular temporal separation is 13.047 ps, which matches with the modulation period
of the optical spectral fringe of 6.2 nm. The variation of pulses separation less than 0.001 ps
during 5000 cavity roundtrips, linked to strong binding strength between leading and trailing
pulses in the soliton molecule and the great ability to resist external disturbance. The relative
phase between two pulses slides from 0.22 to 0.32 rad, resulting in the slight deviation from fixed
point on the interaction planes shown in Fig. 2(d) [20].

Fig. 2. Numerical simulations of intra-soliton-molecular motion (a) time domain and (b)
spectral evolution from stochastic white noise; (c) soliton molecular pulse separation, relative
phase and (d) interaction planes, as a function of cavity round trips. (e) Timing jitter PSD
and corresponding integrated quantum limited timing jitter of pulses separation.

In the following, the stable soliton molecule is used as the incident pulse to propagate in the
cavity with ASE noise, to obtain the ASE-induced quantum limited timing jitter. As presented in
Fig. 2(e), the timing jitter PSD of pulse separation (blue curve) rolls off at a -20 dB/decade slope
throughout the whole frequency range (from 100 kHz to Nyquist frequency of ∼50 MHz). The
corresponding integrated quantum limited timing jitter is 7.3 fs, as indicated by red curve.

Besides intra-soliton-molecular pulse separation of 13.05 ps, soliton molecules with pulse
separation of 0.86 ps, 0.98 ps, and 6.15 ps are also obtained. The timing jitter PSD curves at the
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above three pulse separations are presented in Fig. 3. The rms quantum limited timing jitters
integrated from 100 kHz to 40 MHz are expressed in the inset of Fig. 3. The timing jitter PSD
shows lowpass characteristic with an obvious cutoff frequency. Take the PSD curve of 0.86 ps as
an example, the timing jitter PSD characteristics -20 dB/decade slope beyond the cutoff frequency
of ∼ 3 MHz. This suggests that the quantum diffusion within soliton molecules dominates the
intra-soliton-molecular motion over a short timescale < 0.33 µs. On a timescale exceeding 0.33
µs (frequency range < 3 MHz), quantum-limited soliton diffusion within soliton molecules is
constrained, which is attributed to the binding force of leading and trailing pulses. For soliton
molecules with larger pulse separation, the cutoff frequency shifts to lower frequency range,
which is ∼ 2 MHz and 5 kHz for the case of 0.98 ps and 6.15 ps pulse separation, respectively.
The reduced cutoff frequency with larger pulses separation indicates a weakened binding strength
and thus increased quantum-limited timing jitter. Overall, the simulation results show that pulses
within soliton molecules are bounded with limited bandwidth. The quantum-limited diffusion
within soliton molecules plays a leading role beyond the cutoff frequency, which is closely related
to the binding strength (pulses separation).

Fig. 3. Numerical simulations of intra-soliton-molecular quantum-limited timing jitter PSD.
Inset: integrated quantum-limited timing jitter at corresponding pulse separation.

3. Experimental setup and Principle of OC technique

The experimental setup is schematically illustrated in Fig. 4. As shown in Fig. 4(a), a nonlinear
polarization rotation (NPR) mode-locked Er-doped fiber laser is used as the platform for soliton
molecules generation. A segment of 95 cm EDF with GVD about -26 ps/nm/km serves as the gain
medium. The EDF is pumped through a 980/1550 nm wavelength division multiplexed (WDM)
coupler. All other fibers in the cavity are standard SMF with GVD of 18 ps/nm/km. The overall
optical length of the cavity is about 2.5 m, including the part of free-space bulk optics, which
corresponds to 87 MHz fundamental repetition frequency. A fiber isolator is used to ensure the
unidirectional transmission of pulses. The half wave plate (HWP), quarter wave plates (QWPs)
and bulk polarization beam splitter (PBS) are used for NPR operation. By adjustments of pump
power and waveplates, a wide range of stable single pulse operation and soliton molecules with
different pulse separations can be obtained. More detailed description about high stability of the
mode-locking operation can be found in [38].

Once emitted from the mode-locked fiber laser, soliton molecules are firstly directed into a
Michelson-based delay line Interferometer (MI). A PBS is used to divide the laser beam into two
branches. A QWP is inserted into each branch. The retro-reflected pulses are beam-combined
with orthogonal polarizations and output from the other port of PBS. Temporal delay between the
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Fig. 4. (a) Experimental setup of mode-locked fiber laser. WDM, wavelength division
multiplexer; ISO, isolator; Col., collimator; PBS, polarization beam splitter; λ/4, quarter
wave plate; λ/2, half wave plate; (b) Principle of optical cross-correlation method; M, mirror;
Trans., Translator; OC, optical cross-correlator; PPKTP, periodically poled KTiOPO4. Inset,
illustration of cross-correlation trace; A, Setpoint A; B, Setpoint B.

two branches is set as roughly half of the binding separation. Therefore, the rear pulse can overlap
with the front pulse within the same molecule at the output of MI. Afterwards, the timing jitter
of pulse separation of a soliton molecule is measured with an optical intensity cross-correlator.
To this end, the combined laser beams with orthogonal polarizations are focused into a 4 mm
Type-II phase-matched periodically poled KTiOPO4 crystal for sum frequency generation (SFG).
The inset in Fig. 4(b) shows a cross-correlation trace obtained by sweeping M2 in MI, recorded
by an oscilloscope (OSC). When the leading soliton in the arm with M1 overlap with the trailing
soliton in the arm with M2 exactly, the intensity of SFG signal will be proportional to the relative
timing jitter, as indicated by the red point at Setpoint A, the slope of which serves as the timing
error discriminator. Note that Setpoint B carries environmental noise caused by arm length
perturbations of MI, instead of intrinsic intra-molecular timing jitter, since two branches of pulses
are overlapped completely at Setpoint B with symmetric MI of equal arms. The SFG signals
are photo-detected and recorded by an RF analyzer (RIGOL, DSA815) and an FFT analyzer
(Stanford Research Systems, SR770) at high Fourier frequencies (> 100 kHz) and low Fourier
frequencies (< 100 kHz), respectively. The timing jitter power spectral density can be obtained
by dividing the square of timing error discriminator.

4. Experimental results and analysis

Timing jitter PSD of stationary soliton molecules are measured at Setpoint A using the optical
cross-correlation method. The discriminator slope of the detected SFG signal is 1.3 mV/fs,
determined by the ultrashort soliton pulse width and output power. Figure 5(a) shows the timing
jitter PSD curves and integrated timing jitter at selected pulse separations. The system noise floor
is shown as the gray curve, which sets the temporal resolution of the system as 1×10−8 fs2/Hz.
The cutoff frequency is about 10 kHz for the 6 ps pulse separation and extends to higher frequency
about 50 kHz, for the smaller pulse separations of 2.23 ps. The integrated intramolecular timing
jitter is 5.25 fs and 1.01 fs respectively, integrated from 100 Hz to 10 MHz Fourier frequency.
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The corresponding optical spectrums are shown in Fig. 5(b), in which the high contrast spectral
interference fringes are typical features of stationary soliton molecules.

Fig. 5. (a) The upper graph, timing jitter PSD of stationary soliton molecules; The bottom
graph, rms integrated timing jitter from 100 Hz to 10 MHz; (b) Optical spectrum.

To obtain a lower intra-soliton-molecular jittering, we further optimize the NCD to close-to-zero
dispersion regime by cutting the fiber length of the SMF between WMD and collimator. The fiber
length of this SMF has been reduced from 50 cm to 40 cm, and the NCD changed from ∼-0.003
ps2 to ∼-0.0012 ps2 accordingly. To this end, Gordon-Haus jitter indirectly coupled from ASE
noise can be effectively suppressed. An ultra-narrow soliton molecule with pulse separation of
0.49 ps is experimentally obtained. As shown in the inset of Fig. 6, the corresponding modulation
period of the optical spectral fringe is 16.5 nm. The intra-molecular timing jitter PSD at Setpoint
A is shown by the red curve. To explore the contribution of the characterized timing jitter
PSD, the noise at Setpoint B (blue curve), shot noise (green dotted line) and noise floor are
also expressed. At Setpoint B, MI with equal length of arm is conducted, resulting in the noise
timing jitter introduced by environmental arm length fluctuation of MI. As can be seen, the
intra-molecular timing jitter PSD is limited by the noise floor at the frequency range of 100
Hz-1 kHz. For frequency range of 1-10 kHz, timing jitter PSD shows slow drifts and coherent
spikes at Setpoint A, which is well aligned with the results at setpoint B. This indicates that the
measurement of the intra-molecular timing jitter is dominated by environmental noise at this
frequency range. Those detrimental effects located in the acoustic band (<10 kHz) could be
compressed by the sound-absorbing installation or high-precision anti-vibration platform. For the
frequency range above 1 MHz, shot noise from the random photon fluctuations of photodetection
dominates the intra-molecular timing jitter PSD. For intermediate frequency range of 10 kHz-1
MHz, timing jitter represents the combined impression of shot noise, environmental noise and
noise floor. The overall integrated timing jitter is 350 as. It is noteworthy that the quantum
limited timing jitter featured of a -20 dB/decade slope is absent, which is well suppressed below
the noise floor. By excluding noise contributions of the MI, which are estimated to be 260 as,
a rms timing jitter < 300 as can be derived. Considering the limitation of the noise floor, the
quantum-limited timing jitter of pulses separation within the soliton molecule could be further
reduced. Moreover, further reduction of the intra-molecular timing jitter could be obtained
by using nonlinear Fourier transform process which effectively separates the pulses from CW
background or sidebands [39,40].
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Fig. 6. (a) The upper graph, the timing jitter PSD at Setpoint A, shot noise level, noise PSD
at Setpoint B and noise floor. Inset, optical spectrum; The bottom graph, rms integrated
timing jitter from 100 Hz to 10 MHz at Setpoint A and Setpoint B.

5. Conclusion

In conclusion, we have investigated the timing jitter of pulse separations within soliton molecules
in a mode-locked fiber laser. The intra-molecular timing jitter of soliton molecules at different
separations are studied with numerical simulation and experimental measurements. In both
cases, the PSD curves of intra-molecular timing jitter show low-pass characteristics with a cutoff
frequency. Beyond the cutoff frequency, the PSD curves experience -20 dB/decade slope. The
cutoff frequency decreases as the pulse separation increase. The comparison between simulation
results and experimental measurements indicate a quantum limited intra-molecular timing jitter
originated from ASE noise in the gain medium of mode-locked fiber lasers. By adjusting the
NCD to close-to-zero region, the lowest intra-soliton-molecular timing jitter in a fiber laser of
350 as is obtained in experiment, with an ultra-narrow pulse separation of 0.49 ps. Despite
the good agreement between experiment and simulation, it has to be pointed out that the laser
mode locked by an ideal SA and gain medium in the numerical model is still simple. The slow
saturable absorber effects, long range interactions such as the Casimir-like pulse interaction [41]
and dynamic gain effects would be included for deeper studies in the future. We also anticipate
that our results provide novel insights into soliton interacting dynamics and the understanding of
related physics in complex nonlinear systems.
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